pa=-pu.iaM+pX2-ar+
where p-the fluid density; ui=a velocity component; t=time; xi=the coordinate system; Ti; = the shear stress tensor; p=the pressure; X2=the body force per unit mass. In the authors paper, the body force Xi is replaced by the gradient of potential, that is, by -a)b/axi.
Outlines of derivation of the functional, the local potential presented by them are in the following; Multiply Eq. (2) by a small velocity variation -au2 and integrate over the volume V. Next, use the Gauss theorem for the volume integrals, replace ui by ui+aui and neglect terms of higher order. Thus they derived the following variational formulation:
In Eq. (3), it is noted that the term au3/axj disappears as the equation of continuity is used. The superscript zero refers to quantities evaluated at the stationary (actual) state and these quantities are not subjected to variations. Only quantities without that superscript are subjected to variations. Let dt be a small time interval, then the inequality
is given. Therefore, the local potential FI takes a minimum when oFr=O with the subsidiary condition ut=ui.
The derivation of Eq. (3) and the certification of Eq. (4) were given by the authors.
Eq. (3) was applied to the Stoke's first problem in which the fluid obeys non-Newtonian model. Now, for the sake of another development we will discuss on the variational formulation, Eq. (3).
Firstly, it is noted that the extremal
does not inversely give the Navier-Stokes equation, Eq. (2) in which the body force Xt is replaced by -a)iS/axt, much less give the equation of continuity, Eq. (1). This is clear from the fact that the equation of continuity is already used in the process of deriving Eq. (3). In other words, the equation of continuity is satisfied implicitly. Generally, it seems difficult to find the velocity distribution u2 which satisfies the equation of continuity over the whole region V of interest. Moreover, it is worth recalling that a variational formulation can be shown to be correct by insuring that the Euler-Lagrange equations are identical with the appropriate forms of the balance equations (the Navier-Stokes equation and the equation of continuity in this case). In this meaning, Eq. (3) seems to be a restricted form.
Secondly, the surface integral in the right hand side of Eq. (3) is rewrited as
where oiJ=-(p+pc)oi3+T (7) and)i. i is the Kronecker delta. otj is the stress tensor including the effect of prescribed potential b. Eq. (6) reveals that the momentum flux (putuj-Qt;)n; or the velocity ut should be specified on the boundary surface.
It is noted that the momentum flux is expressed as a total flow including both the convective and the diffusive part.
For the problems in which the stress or the velocity is specified on the boundary surface, however, the surface integral of Eq. (6) will not be a convenient form. For instance, a laminar flow in a duct which is filled with an incompressible viscous fluid corresponds to such a problem, if a prescribed pressure gradient determines the velocity distributions on the cross sectional areas perpendicular to flow. In the following, let us restrict ourselves to problems with the boundary surface on which the stress or the velocity is specified, as the numerous problems in which the boundary condition is expressed as Eq. (6) are not yet treated in this paper.
2 Modified Variational Principle
In this article, developing the technique presented by Lemieux et al. a modified variational formulation will be presented.
Multiplying Eq.
(1) by a small variation -op and Eq. (2) by a small variation -Oui, adding the resultant expression and integrating over the region V of interest, this gives
By using the Gauss theorem, the second and the third term in the right hand side of Eq. (8) are rewritten as OuidV=p)undA-p)dV (9) and OuidV=ruindA-Ti)dV (10) Substitute Eq. (9) and (10) into Eq. (8), write ui= ui+Oui and p=p+Op and neglect terms of higher order, then this gives
In the derivation of Eq. (11), it is noted that the equation of continuity, Eq. (1) is not yet used. Moreover, by using the variational equation
Eq. (11) is rewriten as pdV=oi(pui E-puui-pX2u2-p-I-TZ;)dVfirfirfir +I(pujii;ui)n;dA=OFII (13) The left hand side of Eq. (11) or (13) is the same as that of Eq. (3). Therefore the inequality, Eq.
(4) is still held by replacing Fj by F11. If we inversely use the Gauss theorem, Eq. (9) and (10), it is easily shown that the extremal =0 (14) gives Eq. (2) and the extremal =0 (15) gives Eq. (1) with the subsidiary conditions ui=ui and p= p. By using Eq. (7), the surface integral of Eq. (13) is rewritten as (pu)Ti;ui)njdA=-Uijn;uidA (16) Eq. (16) reveals that the stress or the velocity should be specified on the boundary surface (in this case the stress does not include the potential )b). In Eq. (13), it is clear that other arrangements of the terms are possible; if we apply the Gauss theorem to the convective term in the right hand side Eq. (8), the surface integral represented of Eq. (6) may be yielded and the convective term in the volum integral of Eq. (13) becomes a more complex form. Thus, no claim of uniqueness or superiority can be laid for Eq. (13). Eq. (13) simply represents a convenient stopping point in the analysis, for we restricted ourselves to the problems having the boundary surface on which the stress or the velocity should be specified. The purpose of this article is to demonstrate the applicability of the local potential to finite element formulations.
The method discussed here is, of course, not perfect as the numerical applications which simultaneously include both the local and the convective term of acceleration are yet unsolved.
1 Generality
General ideas of the finite element method in fluid dynamics are given by Oden20). The some basic points are in the following;
The whole region of interest is separated by imaginary lines or surfaces into a finite number of subregions, elements as shown in Fig. 1 . The elements are fixed in space and interconnected at a discrete number of nodal points suituated on their boundary surface. Fig. 2 shows a typical element with 
six nodes on the boundary surface. Generally, the fluid velocity and the pressure or their derivative values of these nodal points will be unknown parameters of the problem.
The velocity and the pressure distribution within the element are approximated by different polynomial expansions, respectively.
The order of approximation for the velocity and for the pressure uniquely corresponds to the number of nodes Le for the velocity and Me for the pressure, respectively.
In Fig. 2 , for instance, Le may be six (1, 2..., 6) and Me may be three (1, 3, 5) . The coefficients of each term of the expansions are defined by the coordinates of nodes and the unknown parameters.
Thus the velocity and the pressure within the element are represented as ui=tbL(xi,x2,x3).ue(t)...... cL'L(xl, x2, x3) is interpolation function for the velocity and SoM(x1, x2i x3) is that for the pressure. UL denotes the unknown velocity in the direction of xi axis at node L and pM denotes the unknown pressure at node M. For the sake of simplicity, the derivative values of these unknown parameters are not considered.
Above basic ideas are applicable to the local potential approach, but the subsequent process to construct finite element formulations is cosiderably different from that developed by Oden using the Galerkin's method. 
and impose the subsidiary conditions {v}={v} and {p}=(p}, then this gives the following ordinary differential equation of motion: The third term is the compressibility matrix, but Eq. (36) explicitly assures the incompressibility of the fluid (the continuity equation) in an average sense within the domain of finite element.
Therefore the unknown nodal pressure {p} may be interpreted as a Lagrangian multiplier. The fourth term is the viscous damping matrix.
The terms in parenthesis and the third term in the right hand side of Eq. (34) compose the internal nodal force vector by the stress on the boundary surface of the element and by the prescrived body force acting within the element.
Thus, in the finite element formulations, the Ritz method is not applied to the local potential for the whole region of interest, but applied to that for each subdivided region, element.
The fundamental equations, Eq. (34) and (36) established for all elements are assembled and interconnected, and the interconnected equations system is simultaneously solved for the unknown parameters.
In the case of a wake flow analysis, it is convenient to use nondimensional quantities as ori (37) where D=diameter of obstacle; U=fluid velocity at infinite distance place; v=kinematic viscosity; Re=Reynolds number. Assuming the prescribed body force {X} =zero, Eq. (34) and (36) are represented in nondimensional form, respectively
where a dash as superscript means the nondimensional quantities.
It is again noted that Eq. (34) and (36) or Eq.
(38) and (39) are applicable to an incompressible Newtonian fluid flow through a fixed control volume in space.
For an incompressible nonNewtonian fluid flow, the constitutive equation (Eq. 29) has to be changed appropriately. In Eq. (40), it is noted the unknown parameters are only nodal velocity {v} as the pressure gradient is prescribed. The triangular element with three nodes in which the fluid velocity varies linearly is used. The whole region (2D x 2D x unit length) is subdivided to 32 element per a quater of the region as shown in Fig. 4 This is obvious because for this twodimensional flow the Navier-Stokes equation is reduced to the quasiharmonic differential equation.
TRANSIENT FLOW THROUGH
Let us consider the case in which the pressure gradient in the xi direction suddenly occurs as shown in Fig. 5 . The pressure gradient of Eq.
(46c) is expressed as
where S(t)=unit step function. Eq. (45) may be computed by the finite-difference method with respect to time. Herein, the step by step method developed by Wilson and Clough22) was used. Table 1 , 2 and 3 show a comparison between the approximate solutions obtained by the method and the theoretical ones derived using separation of variables, assuming the ratio v/D2=0. 2504
(sec'). The time increment it in the method was 0. 001 (sec) and the computed values converged into significant five figures.
Hence, the percentage of error in these Tables does not include influences brought about by the time increment dt. In these Tables points O, P and Q are shown in Fig. 4 as typical points.
The errors of fluid velocity (Table 1) and of shear stress (Table 2) are generally larger than those of discharge G obtained by integrating the fluid velocity over the area (2D x 2D) and those of viscous drag force R obtained by integrating the viscous shear stress acting on the wall, respectively.
This arises from the fact that the proposed. The variational formulation can be shown to be correct by insuring that the EulerLagrangian equations are identical with the balance equations, that is, the Navier-Stokes equation and the contuinity equation and may be applied to the problems in which the stress or the fluid velocity is specified on the boundary surface.
To acknowledge similalities and differences between fluid dynamics and solid dynamics and to carry out computations systematically, the local potential is expressed in a matrix form. In the finite element method, the entire region of interest is subdivided into a finite number of subregions, that is, elements.
The fluid velocity or its derivative values of the nodal points of the elements is the unknown parameter of the problem. If the pressure is not prescribed except for a part of the boundary surface of the whole region, the pressure or its derivative value will be also the unknown parameter of the problem. Generally, the fluid velocity and the pressure within an element are approximated by different polynomial expansions, respectively and the para- 
